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In classical mechanics, we can describe the dynamics of a given system using either the Lagrangian 
formalism or the Hamiltonian formalism, the choice of either one being determined by whether one 
wants to deal with a second degree differential equation or a pair of first degree ones. For the former 
approach, we know that the Euler-Lagrange equation of motion remains invariant under additive 
1^-^ ' total derivative with respect to time of any function of coordinates and time in the Lagrangian 

I function, whereas the latter one is invariant under canonical transformations. In this short paper 

, we address the question whether the transformation that leaves the Euler-Lagrange equation of 

' motion invariant is also a canonical transformation and show that it is not. 

■ PACS numbers: 12.39.Ki,14.40.Cs,13.40.Gp 
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I. INTRODUCTION 



^ . In considering the subject of gauge transformations and canonical transformations, our attention was drawn to 
the work of T.L.Chow 1] where he claims that a gauge transformation that leaves the Euler-Lagrange equations of 
motion invariant is also a canonical transformation that leaves the Hamilton's equations of motion invariant. In the 
' aftermath of this review, our conclusion is radically different from his, and demonstrate that the gauge transformation 
that leaves the Euler-Lagrange equations of motion invariant is not a canonical transformation. 
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II. GAUGE INVARIANCE IN THE LAGRANGIAN FORMALISM 



For a dynamical system, there exists a well-known property which states that given two Lagrange functions L(g, g, t) 
^ ' and L' {q, q, t) that differs only by a total derivative with respect to time of any function of coordinates and time, that 



L'{qA,t)^L{qA,t) + jJ{q,t), (1) 

^ : 

- - 1 where as usual we denote the generalized coordinates as q = {qA = {qi, q2, ...gjvl, * = Ij 2, ...N and q = — . Since 

at 

the presence of total derivative with respect to time that appears on the right-hand side of ^ does not affect the 
Euler-Lagrange equations of motion, one can loosely call it a "gauge" transformation, in the sense that equations of 
motion are invariant under such a transformation. 

On the other hand, equations of motion are also invariant under the so-called point transformations in which the 
choice for the generalized coordinates q that defines uniquely the position of a given system in space is modified under 
transformations of the type 

Q = Q(g,i). (2) 

This transformation leaves invariant not only the Euler-Lagrange equations of motion but the Hamilton (canonical) 
equations of motion as well p]. So, point transformations are canonical transformations because they preserve the 
canonical equations of motion. 
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A more general type of transformations is possible, since in the Hamiltonian formalism the momenta p = {pi} are 
independent variables, so that an ampler class of transformations looks like 

Q = Q{p,q,t), (3) 
P = P{p,q,t). (4) 

Not all transformations of the type Q preserve the canonical form of Hamilton's equations of motion. For those 
transformations which do preserve the canonical form, they receive the name of canonical transformations. 

However, the question that interest us now is whether the gauge transformation |^ is a canonical transformation. 
The answer is no, as we shall shortly see. 

First of all let us check the invariance of Euler-Lagrange equations of motion under . The action is 



i-tf 

S' = I L'{q, q, t)dt 



L{q, q, t)dt+ / ' dt 

dt 



df{q,t) 



ti Jti 
= S + f(qf,tf)-f{q,,ti) (5) 

where qf and q^ are the coordinates for times tf and ti respectively. Euler-Lagrange equations of motion are obtained 
by varying this action, and from 5S' = and JS* = it follows immediately that Euler-Lagrange equations of motion 
remain invariant under JQ, since the extremes qf and qi are fixed points. 

III. CANONICAL TRANSFORMATIONS 

In the previous section we have stated that not all transformations of the type I0J are canonical transformations. 
Here we shall determine which conditions or constraints we must have in order to have them as canonical transfor- 
mations. For this purpose, we start off by considering that Hamilton's equations of motion can be obtained from the 
principle of least action in the form 



j (^p,dq,~ Hdtj =0 



(6) 



where all coordinates and momenta are varied independently. In order for the new variables P and Q to satisfy the 
Hamilton's equation of motion, the principle of least action must be also valid here, i.e.. 



J (^P,dQ,-H'dt^ =0 



(7) 



The two principles @ and Q will be equivalent if and only if the two integrands differ by a total derivative of 
an arbitrary function G ~ G{p, q, t) so that the difference between the two integrals will be a difference between the 
function G in the upper and lower limits of integration. Then their independent variation with respect to coordinates 
and momenta vanishes and we have 

^p.dqi- Hdt^^P.dQ^- H' dt + dG. (8) 

i i 

From this, we can write 

i i 

SO that 

= 1^ (10) 

oqi 

^ i 
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Therefore, here G = G{q,Q,t) is the generating function of the canonical transformation. We can proceed by 
using Legendre transformations to work out other canonical transformations from generating functions such as G = 
Giq,P,t),G = G{p,P,t), etc. 



IV. GAUGE TRANSFORMATION NOT A CANONICAL TRANSFORMATION 

In this section we shall prove that the gauge transformation JQ) is not a canonical trasnformation. To do that, 
consider the momentum P, 



P: - 



dL' 

d , df{q,t) 



dqi \ dt 
d df{q,t) 



Since, by definition / = f{q,t), we have 



dt ^—^ dqi dt 

so that 

d dfiq,t) ^ dfiq,t) 
dqi dt dqi 

Substituting this into (??), we have 



dfiq,t) _^ df{q,t) . , df{q,t) 

2^ firr. Fli ^''^> 



Now, from this we can write down the new Hamiltonian H' as 

H'{q,P,t) = (9,^,0 

i 

X-f , dfiq,t) \ . / , dfiq,t) 



From H14() we have that 



so that, finally 



The canonical equations of motion are 

dH'{q,P,t) 



dp 

dH{q,p,t) ddpi 
dpi ddPi 

dH{q,p,t) 
dpi 



(15) 



+ ^ (16) 
dqi 



III 4^ I df{q,i) ■ df{q,t) 



^ df{q,t) . df{q,t) df{q,t) 

2^^^'^^-^^ = — df- ^^^^ 



H\q,P,t)^H{q,p,t)-^i^ (19) 



(20) 
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and 

dH'{q,P,t) 



dH{q,p,t) ^ d df{q,t) 
dq, ^q^ dt 



(21) 



which demonstrates clearly that the gauge transformation Q is not a canonical transformation because it does not 
leave the Hamilton's equations of motion invariant under such a transformation, contrary to the conclusion reached 
by T.L.Chow in 01 . 



V. CONCLUSION 



In this work we have demonstrated that, contrary to previously claimed assertion, the gauge transformation that 
leaves Euler-Lagrange equations of motion invariant, is not a canonical transformation since Hamilton's equations 
of motion are not preserved with such a gauge transformtation. Chow's mistake is in the definition of Hamilton's 
equation of motion where he took as 

dH 

dpi 
dH 
dqi 

while the correct expressions for Hamilton's canonical equations of motion are 

dH 
dpi 
dH 

dqi 




Qi = 

Pi = 
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